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Invariants of Moduli Spaces of Abelian Surfaces
Jo¨rg Zintl
02.02.99
Our objects of study are compactified moduli spaces of (1, p)-polarized
abelian surfaces with level structure of canonical type. They are obtained
from quotients of Siegel space S2 by a certain paramodular group Γ1,p. The
construction of the compactification has been described by Hulek, Kahn and
Weintraub in [HKW 2]. Our aim is to determine invariants of a desingular-
ized model A˜1,p. This could serve as a test case for similarly constructed
moduli spaces. In particular we are interested in numerical invariants of
A˜1,p. To avoid combinatorial complications we will restrict our attention to
p ≥ 5 and prime.
The aim of this article is twofold. First we want to give a short account of the
results obtained in [Z]. These include a geometric description of the canoni-
cal divisor of A˜1,p as well as formulae for its self intersection number and the
Euler number of the moduli space. We will give brief indications of proofs.
Because computations in the toroidal compactification as in [HKW 2] soon
become technical and lenghty, the full arguments cannot be repeated here.
Instead we try to emphasize the main ideas of the approach. It was partially
stimulated by a paper by Yamazaki [Y], who considered the case of moduli
spaces of abelian surfaces with level-n-structure A∗n. The main theorem of
[Z] is
Theorem. The canonical divisor of A˜1,p equals
KA˜1,p = 3L−D −
1
2
R−
1
2
E.
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Here L denotes the Q-divisor associated to modular forms, D the boundary
divisor and R and E arise from the ramification of the quotient map S2 →
Γ1,p \S2.
In the second part we will compute a formula for the second Chern number
c1(A˜1,p).c2(A˜1,p). To do this we count modular forms on A˜1,p applying a
fixed point theorem of Atiyah and Singer [AS] and compare this to a calcu-
lation using the theorem of Riemann–Roch. This makes use of intersection
numbers on A∗n determined by Yamazaki [Y]. Thus we obtain as combined
result:
Theorem. Put ci := ci(A˜1,p). The Chern numbers of the moduli space A˜1,p
are
c1
3 = −p
2−1
960 (9p
3 − 360p2 + 1519p + 3000)
c1.c2 = −
p2−1
240 (p− 13)(p
2 − 17p + 90)
c3 = −
p2−1
1440 (p
3 + 431p − 8760).
Since c1.c2 is a birational invariant for three-dimensional varieties this im-
plies that there are no unirational moduli spaces other than the known ones
for p = 5, 7 and 11. See also [HM, MS, GP] and [G].
We conclude with the deduction of a polynomial expression for the dimension
of spaces of modular forms and cusp forms with respect to Γ1,p.
I would like to thank Professor K. Hulek very much for his advice and
encouragement during the completion of [Z].
Part I: Re´sume´
For us a moduli space will be a quotient Γ\S2, where S2 denotes the Siegel
space of degree 2, that is
S2 := {τ ∈ Sym2(C) : Im(τ) positive definite }
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and Γ ⊂ Sp4(Q) an arithmetic subgroup. As usual the action is by fractional
linear transformations. For the rest of this paper p will denote an integer,
which for technical reasons will be assumed to be prime and p ≥ 5. Put
Γ1,p :=


γ ∈ Sp4(Z) : γ − 1 ∈


Z Z Z pZ
pZ pZ pZ p2Z
Z Z Z pZ
Z Z Z pZ




.
Definition 1.1 The quotient A◦1,p := Γ1,p \S2 is called the (open) moduli
space of (1, p)–polarized abelian surfaces with level structure of canonical
type.
This is a quasi-projective variety of dimension 3 and it has only finite quo-
tient singularities. Note that the quotient map π : S2 → A
◦
1,p is ramified
over two disjoint surfaces in A◦1,p, which are called Humbert surfaces H
◦
1 and
H◦2 . For more details see [HKW 1,2].
Let Γ denote some arithmetic subgroup of Sp4(Q). We denote by Mk(Γ)
the space of modular forms of weight k with respect to Γ. By definition
f ∈Mk(Γ) is a holomorphic function f : S2 → C satisfying
f(γτ) = det(Cτ +D)kf(τ)
for all γ =
(AB
CD
)
∈ Γ and all τ ∈ S2. For k sufficiently divisible det(Cτ+D)
k
is a factor of automorphy defining a line bundle LkΓ\S2 on Γ \ S2. Modu-
lar forms of sufficiently large weight k define an embedding of Γ \S2 into
projective space
ιk : Γ \S2 →֒ P
N = PH0(Γ \S2,L
k
Γ\S2
)
with ι∗kOPN (1) = L
k
Γ\S2
. The projective closure Γ \S2 of Γ \S2 in P
N is
isomorphic to the Satake compactification [Sa] of Γ \S2. In particular the
line bundle LkΓ\S2 can be extended to a line bundle on Γ \S2. Observe that
the boundary δ := Γ \S2 − Γ \ S2 is of codimension two, and in general
Γ \S2 is highly singular along δ.
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One can use the theory of toroidal compactifications as described in [AMRT]
to obtain less singular compactifications of Γ \S2. Such a construction was
carried out in great detail by Hulek, Kahn and Weintraub in [HKW 2] in
the case of Γ = Γ1,p. Because of combinatorial complications they restrict
their attention to the case p prime. They define the Igusa compactification
A∗1,p := A
◦
1,p ∪D
by attaching a boundary divisorD consisting of one central boundary compo-
nent Dℓ0 whose normalization is isomorphic to the Kummer modular surface
K(p) and p
2−1
2 peripheral boundary components Dℓa,b isomorphic to K(1).
For the indexing of the boundary components we refer to [HKW 2]. There
exists a natural morphism onto the Satake compactification
A∗1,p → A1,p := Γ1,p \S2.
Remark. There are a number of results on the compactified moduli space
A∗1,p. For example Hulek and Sankaran showed in [HS 2] that A
∗
1,p is simply
connected. It is a variety of general type for p ≥ 37 by [HS 1, GH] and
rational if p = 5, 7 [HM, MS].
In [HKW 1] a full description of the singularities of A∗1,p was given.
Proposition 1.2 If p ≥ 5 the singular locus of A∗1,p consists of two smooth
curves C1 and C2 isomorphic to X(p), both contained in H1, which is the
closure of H◦1 , as well as two additional isolated singular points Q
(3)
a,b and Q
(4)
a,b
lying in each peripheral boundary component Dℓa,b. For i = 1, 2 the curve
Ci intersects the boundary in precisely one point Q
(i)
a,b of each peripheral
boundary component Dℓa,b.
We choose a smooth desingularisation A˜1,p obtained by blowing up A
∗
1,p
along C1 and C2 and resolving the isolated singularities in a straightforward
way. See [Z] for details. Denote by LA∗
1,p
and LA˜1,p the lifting of the Q-line
bundle LA1,p to A
∗
1,p and A˜1,p respectively. L
k
A˜1,p
is a line bundle if k is
divisible by 12.
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Definition 1.3 Let m = (m′,m′′) ∈ Z2 × Z2. We define the theta constant
of characteristic m on S2 by
Θm(τ) :=
∑
q∈Z2
exp
(
2πi
[
1
2
(q +
m′
2
)τ(q +
m′
2
)t + (q +
m′
2
)(
m′′
2
)t
])
for τ ∈ S2. There are precisely 10 different theta constants which do not
vanish identically on S2. We put
Θ2(τ) :=
∏
Θm 6≡0
Θ2m(τ).
This holomorphic function is ubiquitous in mathematics. It is known to be
a modular form of weight 10 with respect to Sp4(Z). Up to scalar mul-
tiplication it is even the unique cusp form of weight 10. See for example
[I].
For this reason Θ12 defines a section sΘ in L
60
A◦
1,p
which can be lifted and
extended to a section in L60
A˜1,p
. By a result of Hammond [Ham] the modular
form Θ2 vanishes precisely on
∆ :=
⋃
γ∈ Sp4(Z)
γ∆0 where ∆0 :=
{(
τ1 τ2
τ2 τ3
)
∈ S2 : τ2 = 0
}
.
The image of ∆ inA◦1,p decomposes into two disjoint irreducible components.
One of them is the Humbert surface H◦1 , the other one a smooth surface T
◦
1 .
Since Γ1,p is not a normal subgroup of Sp4(Z), the component T
◦
1 is not a
translate of H◦1 under a group action.
Denote the closed liftings of H◦1 , H
◦
2 and T
◦
1 in A˜1,p by H1, H2 and T1. Let
E(1) and E(2) denote the exceptional divisors arising from the blow up along
C1 and C2. Over each of the isolated singular points Q
(3)
a,b on a peripheral
boundary component Dℓa,b there lies an exceptional divisor E
(3)
a,b , and we
write E
(4)
a,b and E
(5)
a,b for the two irreducible components of the exceptional
divisors of the isolated singular points Q
(4)
a,b as in [Z]. We denote the strict
transforms of the boundary divisors in A˜1,p again by the same symbols.
Using this we can give a geometrical description of a divisor 60L associated
to L60
A˜1,p
, i.e. associated to modular forms of weight 60.
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Theorem 1.4 The associated divisor 60L on A˜1,p equals
60L = 6H1 + 12T1 + 6Dℓ0 + 6
∑
ℓa,b
ca,bDℓa,b
+3E(1) + 2E(2) +
∑
ℓa,b
3ca,bE
(3)
a,b +
∑
ℓa,b
ca,b(2E
(4)
a,b + 4E
(5)
a,b )
where ca,b =
{
p2 , a ≡ 0 mod p
1 , otherwise.
Peripheral boundary components with a ≡ 0 mod p are called standard
components, and all others are called nonstandard components.
For the proof see [Z, Satz 4.2.9]. There we study the zero divisor of sΘ
on A◦1,p. Using the explicit description of the toroidal compactification of
A◦1,p in [HKW 2] one can write down sΘ in local coordinates in an open
neighbourhood of the boundary components. This shows immediately that
the section extends over the boundary. Finally one reads off the coefficients
of the zero divisor on A˜1,p as stated above.
Along the same lines one can give a description of the canonical divisor.
Theorem 1.5 The canonical divisor K = KA˜1,p of A˜1,p equals
K = 3L−D −
1
2
R−
1
2
E
where
D = Dℓ0 +
∑
ℓa,b
Dℓa,b (boundary divisor)
R = H1 +H2 (ramification divisor)
E = 12E
(1) + E(2) + 12
∑
ℓa,b
E
(3)
a,b (exceptional contribution).
Again, this was shown in [Z, Thm. 4.3.4]. One has to consider coordinates
τ =
(
τ1 τ2
τ2 τ3
)
on S2. Then
ω(τ) := Θ12(τ) · (dτ1 ∧ dτ2 ∧ dτ3)
20
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is a Sp4(Z)-invariant form on S2. In particular it defines a section of
K20
A˜1,p
|A◦1,p − (H
◦
1 ∪H
◦
2 ).
As before we study the extension of the section to all of A˜1,p. This time we
get a meromorphic section with zeroes and poles as given in the theorem.
Remark. Compare this to Yamazaki’s [Y] result. He considered the mod-
uli space A∗n of abelian surfaces with level-n-structures. This is a toroidal
compactification of the quotient A◦n := Γ2(n) \S2, where Γ2(n) is the prin-
cipal congruence subgroup of level n. Since this group is torsion free there
is no ramification (and hence no singular locus), and he finds
KA∗n = 3L−D
using the appropriate definition of L and D.
In Theorem 1.5 we have an expression for KA˜1,p in geometrical terms: It
involves the Humbert surfaces H1 and H2, the boundary divisors Dℓ0 and
Dℓa,b , exceptional divisors and the Q-divisor L associated to modular forms.
So there is a straightforward way to compute the self intersection number
of the canonical divisor. We use the identity
A.B.C = A|C.B|C
for equivalence classes of smooth hypersurfacesA,B and C. This reduces the
problem to intersection theory on surfaces. In [Z] we gave a complete account
of the groups of numerical equivalence classes of divisors of all hypersurfaces
involved. The computation of the relevant intersection tables is not difficult,
but it requires some amount of preparations and notations. Hence we only
quote the results of the calculations in tables 1,2 and 3 using the notations
of theorem 1.5 and defining κ := p2 − 1.
Table 1: Intersection products of type A.B.C with C = R
· L R D E
L 7p144κ −
19p
144κ
p+1
6 κ
p
16κ
R 4p−5112 κ −
p+9
3 κ −
p−2
8 κ
D 54κ κ
E −14κ
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Table 2: Intersection products of type A.B.C with C = E
· L R D E
L 0 p16κ 0 −
7p
48κ
R −p−28 κ κ −
1
4κ
D 14κ −2κ
E 19p+624 κ
Table 3: Intersection products of type A.B.D including L and D only
· L D
L 0 −p
2+1
24 κ
D −11p+1812 κ
We also know the self intersection number of L, which is L3 = p(p
4−1)
2880 .
Adding up all intersection numbers with appropriate (rational) coefficients
one obtains the following result.
Proposition 1.6 [Z, Thm. 5.1.34] The self intersection number of KA˜1,p
equals
KA˜1,p
3 =
p2 − 1
960
(9p3 − 360p2 + 1519p + 3000).
As a by-product of the study of the hypersurfaceDℓ0 one finds a lower bound
for the Picard number of the moduli space A˜1,p.
Proposition 1.7 [Z, Satz 6.1.1] The Picard number of A˜1,p is bounded from
below by the following inequality:
ρ(A˜1,p) ≥ 2p
2 + 4.
To see this one has to look at all divisors on A˜1,p we know so far. The tables
of intersection numbers given in [Z] show how many of them can possibly
be independent. Most of them, precisely 2p2 + 4, are.
Finally we quote a formula for the Euler number from [Z, Thm. 5.2.6].
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Proposition 1.8 The Euler number of A˜1,p equals
e(A˜1,p) = −
p2 − 1
1440
(p3 + 431p − 8760).
To verify this note that Γ2(p
2) is a torsion free normal subgroup of Γ1,p.
This induces a covering of open moduli spaces
q : A◦p2 → A
◦
1,p.
The ramification behavior of q has been well described, see for example
[HKW 1]. Since the Euler number of A◦p2 = Γ2(p
2) \ S2 is given by a
formula of Harder [Har] we easily obtain e(A◦1,p). By [HKW 2] the boundary
components and their mutual intersection behavior are known. Adding up
all contributions gives the proposition.
Observe that the action of the quotient group Λ := Γ1,p/Γ2(p
2) extends to
Igusa’s compactification A∗p2 of A
◦
p2 . In [Z, section 6.3] we showed that there
is a morphism
ρ : A˜1,p → Λ \ A
∗
p2
as well as a Λ-invariant blow up A˜p2 of A
∗
p2 to make the following diagramm
commutative.
A∗p2 ← A˜p2
φ ↓ ↓ Φ˜
Λ \ A∗p2 ← A˜1,p
In fact ρ is an isomorphism outside the corank 2 boundary components of
A˜1,p. The quotient map φ is of degree d := [Γ1,p : Γ2(p
2)] = p13(p2−1). The
morphism Φ˜ is generically finite of the same degree, but it is not induced by
the group action of Λ.
Part II: The second Chern number
In [Z] we made a conjecture on a formula for the Chern number c1.c2 where
ci := ci(A˜1,p) for i = 1, 2. The proof we shall give here is a modification of
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the approach proposed there. By theorem 1.5 we get
c1.c2 = −(3L−D −
1
2
R−
1
2
E).c2
Apart from c2.L almost all numbers needed were computed in [Z], see table
4 further below.
The idea of the approach is the following. Let Sk(Γ) denote the complex
vector space of cusp forms of weight k with respect to some arithmetic
subgroup Γ ⊂ Sp4(Q). We want to compute the dimension of Sk(Γ1,p) in
two different ways. To do this we will always assume k ≡ 0 mod 12 so that
OA˜1,p(kL−D) is a line bundle. Because of
Sk(Γ1,p) = H
0(A˜1,p,OA˜1,p(kL−D))
we may apply the theorem of Riemann–Roch and vanishing theorems. This
computation involves c2.L. On the other hand we can compare this to a
dimension formula we obtain by exploiting the relation between A˜1,p and
Yamazaki’s space A∗p2 .
Yamazaki computed in [Y] a formula for the dimension of Sk(Γ2(p
2)) as a
polynomial in k and p.
dimSk(Γ2(p
2)) =
= (p
2−1)2
28335
· [ k3· (2p16 + 2p14)
+ k2· (−9p16 − 9p14)
+ k1· (13p16 + 13p14 − 120p12 − 120p10)
+ k0· (−6p16 − 6p14 + 180p12 + 540p10 + 360p8) ]
Note that there is a misprint in Yamazaki’s paper [Y], page 39, formula (v)
as compared to his theorem 5.
By abuse of notation we denote the divisors corresponding to L and D on
A∗p2 by the same letters. Now the dimension formula above is an application
of the theorem of Riemann–Roch and the following vanishing theorem.
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Proposition 2.1 Let k ≥ 4 and k ≡ 0 mod 12. Then
Hq(A∗p2 ,OA∗p2
(kL−D)) = 0
and Hq(A˜1,p,OA˜1,p(kL−D)) = 0
for all q > 0.
Proof. For the first statement see [Y]. Because of k ≡ 0 mod 12 theQ-divisor
kL on A˜1,p is actually integral, and we can define an integral divisor
Mk := (kL−D)−KA˜1,p = (k − 3)L+
1
2
R+
1
2
E
and a Q-divisor
M ′k :=Mk −
1
2
R−
1
2
E.
Note that M ′k = (k − 3)L, hence M
′
k is nef and big as a Q-divisor, with
integral part [M ′k] =Mk. The support of the non-integral part M
′
k− [M
′
k] =
−12R −
1
2E is a divisor with normal crossings. From the vanishing theorem
of Kawamata and Viehweg [K] we get
Hq(A˜1,p,OA˜1,p([−M
′
k])) = 0
for q < 3 and therefore
Hq(A˜1,p,OA˜1,p(kL−D)) = H
q(A˜1,p,OA˜1,p(KA˜1,p +Mk)) = 0
for q > 0 by Serre duality. ✷
In the same manner as for OA∗
p2
(kL − D) we can apply the theorem of
Riemann–Roch to the line bundle OA˜1,p(kL − D). Using the intersection
numbers from tables 1,2 and 3 we get
dimSk(Γ1,p) =
= 112 (kL−D)(kL−D −KA˜1,p)(2kL− 2D −KA˜1,p)
+ 112 (kL−D).c2 +
1
24 c1.c2
= p
2−1
28335 · [ k
3· (2p3 + 2p)
+ k2· (−9p3 + 201p)
+ k1· (9p3 − 120p2 − 1481p − 1080)
+ k0· (. . .) ]
+ 112 k
1· L.c2
+ 124 k
0· c1.c2 .
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In particular dimSk(Γ1,p) = dimH
0(A˜1,p,OA˜1,p(kL−D)) is a polynomial of
degree 3 in k. But there is a different approach to compute this polynomial.
Remember that Γ2(p
2) is a normal subgroup of Γ1,p, with quotient group Λ
of order d = p13(p2 − 1). Following a method of Hirzebruch [Hi] we identify
Sk(Γ1,p) with the Λ–invariant modular forms of Sk(Γ2(p
2)) and we use the
identity
d · dimSk(Γ1,p) = d · dimS
Λ
k (Γ2(p
2))
=
∑
γ∈Λ
trace (γ∗|Sk(Γ2(p
2))).
This leads to the equation
(∗) d · dimSk(Γ1,p)− dimSk(Γ2(p
2)) =
∑
γ∈Λ
γ 6=1
trace (γ∗|Sk(Γ2(p
2))).
We know the left hand side of this equation from our considerations above.
Looking at the right hand side it will be possible to compute a formula for
c2.L. Note that is is enough to determine the coefficient of k
1 in this poly-
nomial identity. Using this method the leading coefficient of the polynomial
dimSk(Γ1,p) had been determined in [HS 1].
Put Sk := OA∗
p2
(kL − D). Since Hq(A∗p2 ,Sk) = 0 for k ≥ 4, k ≡ 0 mod
12 and all q > 0 by proposition 2.1, the fixed point theorem of Atiyah and
Singer [AS] shows
trace (γ∗|Sk(Γ2(p
2))) =
∑
i
(−1)i trace (γ∗|H i(A∗p2 ,Sk))
=


ch (Sk|X
γ)(γ) ·
∏
Θ
UΘ(Nγ(Θ)) · Td (Xγ)
det(1− γ|(Nγ)∗)

 [X
γ ].
Here Xγ denotes the fixed set of γ ∈ Λ in A∗p2 , Td(X
γ) the Todd class of
Xγ , Nγ its normal bundle and Nγ(Θ) the subbundle of Nγ such that γ acts
on Nγ(Θ) as eiΘ. Furthermore
UΘ(Nγ(Θ)) =
∏
α
(
1− e−xα−iΘ
1− eiΘ
)−1
if c(Nγ(Θ)) =
∏
α
(1 + xα).
Since Sk = OA∗
p2
(kL−D) is a line bundle we have
(†) ch (Sk|X
γ)(γ) = χ(γ) ch (Sk|X
γ)
12
i.e. the usual Chern character times a character χ of the stabilizing group of
Xγ . Note that the group Λ acts trivially on OA∗
p2
(kL), so χ(γ) is determined
by the action of γ on OA∗
p2
(−D)|Xγ . In all but one of our cases χ(γ) will
be equal to 1.
The action of Λ on A∗p2 has been described in [Z], see also [HKW 1]. Since
we are only interested in the coefficients of nontrivial powers of k, we don’t
have to worry about fixed sets Xγ , on which L|Xγ is trivial. In particular
we may ignore isolated fixed points on the boundary and fixed curves on the
corank 2 boundary components.
Fixed sets of codimension 1 are the preimagesH∗i of the Humbert surfacesHi
fixed by involutions νi, for i = 1, 2, as well as the preimages D
∗
ℓ0
and D∗ℓa,b
of the central boundary component Dℓ0 and the nonstandard peripheral
boundary components Dℓa,b . In each of the latter cases the stabilizer is a
cyclic group of order p2.
In codimension 2 contributing fixed sets are the preimages C∗i of the curves
Ci contained in H1, with i = 1, 2. If i = 1 then the stabilizer is generated by
an element ζ1 of order 4, if i = 2 then by an element ζ2 of order 6. We must
also consider the curves B∗i of intersection of the preimages of Hi for i = 1, 2
with those boundary components, which contribute to the ramification. In
each case the stablizer is generated by the stabilizers of the intersecting
ramification divisors and has order 2p2.
We will determine each contribution separately.
1) Let us consider the case codimXγ = 1 first. Since Nγ(Θ) = Nγ one
computes
UΘ(Nγ(Θ)) =
=
(
1−eiΘ
1−e−iΘ
)(
1− e
−iΘ
1−e−iΘ
c1(N
γ) + 12
e−iΘ(1+e−iΘ)
(1−e−iΘ)2
c1(N
γ)2
)
as well as
ch (Sk|X
γ) = 1 + c1(Sk|X
γ) + 12c1(Sk|X
γ)2
= 1 + (kL−D)|Xγ + 12 ((kL−D)|X
γ)2
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and
Td (Xγ) = 1− 12KXγ +
1
12 (K
2
Xγ + c2(X
γ)).
Because of det(1− γ|(Nγ)∗) = 1− eiΘ and using KXγ = (3L−D+X
γ)|Xγ
by the adjunction formula, we finally find
trace (γ∗|Sk(Γ2(p
2))) =
= 1
1−e−iΘ
[ k2· 12 (L|X
γ)2
+ k1· (−32 (L|X
γ)2 − 12LDX
γ − 12L(X
γ)2 − e
−iΘ
1−e−iΘ
L(Xγ)2)
+ k0· (. . .) ].
Case 1.a: Let γ = ν1 and X
γ = H∗1 with e
iΘ = −1. In this case we find
t1 := trace (ν
∗
1 |Sk(Γ2(p
2)))
= 12 [k
2 · 12L
2H∗1 + k
1 · (−32L
2H∗1 −
1
2LDH
∗
1 ) + . . . ].
Let H∗,c1 be an irreducible component of H
∗
1 . They are mutually disjoint,
and each H∗,c1 is isomorphic to X(p
2)×X(p2). By Yamazaki’s results
L2H∗,c1 =
p8(p2−1)2
12·24
L(H∗,c1 )
2 = −p
8(p2−1)2
12·24 .
Since the natural map
H∗,c1 → H1
∼= X(1) ×X(p)
has degree p
7(p2−1)
2 and the quotient map φ is ramified of order 2 above H1,
we conclude that there are
p13(p2 − 1)
2
:
(
p7(p2 − 1)
2
)−1
= p6
components of H∗1 , each of them meeting p
2(p2 − 1) boundary components
isomorphic to S(p2) along a section isomorphic to X(p2). Note that
degL|X(p2) =
p4(p2 − 1)
24
.
14
Therefore we compute
LDH∗,c1 = p
2(p2 − 1) ·
p4(p2 − 1)
24
.
Hence we get
t1 = k
2 · p
14(p2−1)2
2732
+ k1 · (−34
p14(p2−1)2
2532
− 14
p12(p2−1)2
233
) + . . .
= (p
2−1)2
28335 (k
2 · 30p14 + k1 · (−90p14 − 360p12) + . . . ).
Case 1.b: Let γ = ν2 and X
γ = H∗2 with e
iΘ = −1. Note that for an
irreducible component H∗,c2 of H
∗
2 there is a 6 : 1 cover
H∗,c2 → H
∗,c
1
ramified 2 : 1 along the intersection of H∗,c2 with the boundary of A
∗
p2 . Using
this and the identity H∗,c2 |H
∗,c
2 = KH∗,c
2
− (3L−D)|H∗,c2 one computes
L2H∗2 = 6 · L
2H∗1
L(H∗2 )
2 = 6 · L(H∗1 )
2
and
LDH∗,c2 = 3 · LDH
∗,c
1 .
Hence the trace formula gives
t2 := trace (ν
∗
2 |Sk(Γ2(p
2)))
= (p
2−1)2
28335
(k2 · 180p14 + k1 · (−540p14 − 1080p12) + . . . ).
Case 1.c: The boundary components D∗,c with eiΘ = e2πi/p
2
=: ξ, where
D∗,c is a irreducible component of either D∗ℓ0 or D
∗
ℓa,b
. Note that in any case
D∗,c ∼= S(p2), and by Yamazaki’s results
L2D∗,c = 0
L(D∗,c)2 = −p
6(p2−1)
12 .
Thus the trace formula reads
trace (γ∗|Sk(Γ2(p
2))) = −k ·
ξ−1
(1− ξ−1)2
L(Xγ)2 + . . .
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if γ is a generator of the stabilizer of D∗,c. To get the total contribution
of the boundary components we have to add up the contributions of all
boundary components involved, and we have to consider the sum over all
nontrivial p2-th roots of unity. The following lemma is not difficult to prove.
Lemma 2.2 Let ξ be a n-th root of unity and primitive. Then
n−1∑
j=1
1
1− ξj
=
n− 1
2
as well as
n−1∑
j=1
ξi
(1− ξi)2
= −
n2 − 1
12
.
Applying the same considerations as in case 1.a one finds that there are
p5(p2 − 1)
2
+ p3
p(p− 1)
2
=
1
2
p4(p3 − 1)
irreducible components in all of D∗ℓ0 and D
∗
ℓa,b
. Hence the contribution from
the boundary is
t3 = −k · (−
p4−1
12 )
p4(p3−1)
2 (−
p6(p2−1)
12 ) + . . .
= −k · p
10(p2−1)2
12·24 (p
2 + 1)(p3 − 1) + . . .
= −k · p
10(p2−1)2
28335
120(p5 + p3 − p2 − 1) + . . .
2) Finally we have to consider the fixed varieties of codimension 2. In these
cases the trace formula becomes
trace (γ∗|Sk(Γ2(p
2))) =
= 1
1−e−iΘ1
1
1−e−iΘ2
(1 + c1(Sk|X
γ)) · (1− 12KXγ )
·(1− e
−iΘ1
1−e−iΘ1
c1(N
γ(Θ1))) · (1−
e−iΘ2
1−e−iΘ2
c1(N
γ(Θ2)))
= k1 · 1
1−e−iΘ1
1
1−e−iΘ2
degL|Xγ + k0 · (. . .).
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Here we assumed χ(γ) = 1, see equation (†) above. In case 2.c below we
will have to change the sign of this expression, since then χ(γ) = −1.
Case 2.a: Let γ = ζ1 and X
γ = C∗1 with e
iΘ1 = −1 and eiΘ2 = −i. There
are precisely p
10(p2−1)
4 components of C
∗
1 . Each one is isomorphic to X(p
2).
Summing up all elements of the stabilizer which are not equal to 1 or ν1
and using lemma 2.2 we get as total contribution from C∗1
t4 = k ·
1
2
p4(p2 − 1)
24
p10(p2 − 1)
4
+ . . .
Case 2.b: Let γ = ζ2 and X
γ = C∗2 with e
iΘ1 = −ρ2 and eiΘ2 = −ρ where
ρ = e2πi/3. An entirely analogous calculation shows that the total contribu-
tion from the p
10(p2−1)
6 components of C
∗
2 is
t5 = k ·
2
3
p4(p2 − 1)
24
p10(p2 − 1)
6
+ . . .
As combined contribution we get
t4 + t5 = k ·
(p2 − 1)2
28335
340p14 + . . .
Case 2.c: The intersection curves B∗i for i = 1, 2. Let B
∗,c
i be a component
of B∗i with stabilizer of order 2p
2, generated by νi and the element of order
p2 that generates the stabilizer of the corresponding boundary component.
This gives eiΘ1 = −1 and eiΘ2 = e2πi/p
2
. Note however that in this case we
have
ch (Sk|B
∗,c
i )(γ) = −ch (Sk|B
∗,c
i )
for any γ in the stabilizer ofB∗,ci which is not in the stabilizer of the boundary
component. This is because the action of such a γ on OA∗
p2
(−D)|B∗,ci which
is isomorphic to the conormal bundle of B∗,ci in H
∗
i is not trivial, but a
reflection on the fibres. The degree of the map D∗,cℓ0 → Dℓ0 is 2p
6 with
ramification of order 2 above Dℓ0 ∩ Hi, i = 1, 2 as shown in [Z]. Since
the degree of X(p2) → X(p) equals p3 there are p3 components of B∗1 in
each component of D∗ℓ0 . The degree of D
∗,c
ℓa,b
→ Dℓa,b for a nonstandard
component Dℓa,b equals p
8(p2 − 1) with ramification of order 2 as before,
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and the degree of X(p2) → X(1) is p
4(p2−1)
2 . Hence we get p
4 components
of B∗1 in each D
∗,c
ℓa,b
. Thus there are precisely
p4 · p3 ·
p(p− 1)
2
+ p3 ·
p5(p2 − 1)
2
=
p8
2
(p2 + p− 2)
irreducible components of B∗1 . Summing up over all elements of the stabi-
lizer, which were not already contained in the stabilizer of either H∗1 or the
boundary component, we get
t6 = −k
1 · p
4(p2−1)
24
p8(p2+p−2)
2
1
2
p2−1
2 + k
0 · (. . .)
= −k1 · (p
2−1)2
28335 · 180(p
14 + p13 − 2p12) + . . .
The contribution of B∗2 is three times the contribution of B
∗
1 since the 6 : 1
covering map H∗,c2 → H
∗,c
1 is ramified of order two along the components of
B∗2 . Hence
t7 = 3 · t6.
Summing up all contributions we get from equation (∗)
d · dimSk(Γ1,p)− dimSk(Γ2(p
2)) = t1 + . . .+ t7 =
= (p
2−1)2
28335
[ k2 · 210p14
+k1 · (−120p15 − 1010p14 − 840p13 + 120p12 + 120p10)
+k0 · (. . .)].
Now compare this with the dimension formulas obtained via Riemann–Roch:
d · dimSk(Γ1,p)− dimSk(Γ2(p
2)) =
= (p
2−1)2
28335
[ k2 · 210p14
+k1 · (−4p16 − 120p15 − 1010p14 + 120p13 + 120p12 + 120p10)
+k0 · (. . .)]
+k1 · 112 d · c2(A˜1,p).L .
Note that we don’t need to know the numbers c1.c2 and c2(A˜1,p).Dℓ0 since
they only contribute to k0. This immediately yields the following result.
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Proposition 2.3 The intersection number c2(A˜1,p).L equals
c2(A˜1,p).L =
p2 − 1
720
(p3 + 121p + 60).
The constant term of this formula differs from the one conjectured in [Z].
This is because a mistake was made there in the computation of the contri-
bution from c2(A˜1,p).Dℓ0 .
However, this does not affect the conjecture on the second Chern number.
In [Z] we conjectured that c1.c2 would be a polynomial in p of certain type,
whose value for small p is known. Hence we could predict a formula, which
we will prove now.
Theorem 2.4 The second Chern number of A˜1,p equals
c1(A˜1,p).c2(A˜1,p) = −
p2 − 1
240
(p− 13)(p2 − 17p + 90).
Proof. Using theorem 1.5 the second Chern number can be calculated by
computing c2(A˜1,p).L and the product of c2(A˜1,p) with H1, H2, Dℓ0 , Dℓa,b
and the exceptional divisors. Note that apart from Dℓ0 all of these are
smooth hypersurfaces in A˜1,p. Therefore we have
c2(A˜1,p).H1 = c2(H1)− c1(KH1).c1(NH1/A˜1,p)
where c2(H1) is equal to the Euler number of H1, and similarly for the other
intersection numbers. Using the description of the hypersurfaces in [HKW 2]
one can verify that these numbers are precisely those given in table 4. See
[Z] for details.
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Table 4: Euler numbers and intersection numbers for certain smooth hy-
persurfaces A ⊂ A˜1,p
A e (A) c1(KA).c1(NA/A˜1,p)
H1 −
p−6
6 (p
2 − 1) p+612 (p
2 − 1)
H2 −
p−21
6 (p
2 − 1) p+312 (p
2 − 1)
Dℓa,b 9 1
E(1) −p−66 (p
2 − 1) p2 − 1
E(2) −p−66 (p
2 − 1) 32(p
2 − 1)
E
(3)
a,b 3 6
E
(4)
a,b 4 6
E
(5)
a,b 3 6
The number c2(A˜1,p).L was determined above. However, the constant term
of the formular for c2(A˜1,p).Dℓ0 stated in [Z, lemma 6.4.8] is not correct.
The difficulty in computing this particular number arises from the fact that
the central boundary component Dℓ0 is not a smooth surface.
But we know that c1.c2 is a birational invariant of the moduli space. So
we can as well compute the second Chern number by looking at a smooth
blow up µ : A′′1,p → A˜1,p which resolves all of the singularities of Dℓ0 . Such
a resolution was constructed explicitely in [Z, section 6.4], where it was de-
noted by X ′′. First, A˜1,p has to be blown up in all inner deepest points,
leading to an exceptional divisor G′′, which consists of (p
2−1)(p−5)
12 pairwise
disjoint components. Then we blow up along (p
2−1)(p−3)
8 pairwise disjoint
inner rational curves, giving an exceptional divisor F ′′.
The strict transform of a divisor A on A˜1,p under µ shall be denoted by A
′′.
We get
KA′′
1,p
= µ∗KA˜1,p + F
′′ + 2G′′
= 3L′′ −D′′ℓ0 −
∑
D′′ℓa,b −
1
2H
′′
1 −
1
2H
′′
2 − E
′′ − F ′′ −G′′
because
µ∗Dℓ0 = D
′′
ℓ0 + 2F
′′ + 3G′′.
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Here E′′ stands for the contribution from the exceptional divisors on A˜1,p,
see theorem 1.5. Since for a smooth divisor A′′ on A′′1,p one has
c2(A
′′
1,p).A
′′ = c2(A
′′)−KA′′ .A
′′|A′′
= c2(A
′′)−KA′′ .(KA′′ −KA′′
1,p
|A′′)
we have the equality
c2(A
′′
1,p).µ
∗A = c2(A˜1,p).A
if a hypersurface A on A˜1,p does not contain any of the points, which get
blown up under µ. Since L restricted to the boundary of A˜1,p is trivial and
µ blows up points of the boundary only, we also have
c2(A
′′
1,p).L
′′ = c2(A˜1,p).L.
By [Z] or [HKW 2] the only hypersurfaces from the above affected by µ
are H2 and Dℓ0 . Hence to compute c1(A
′′
1,p).c2(A
′′
1,p) we have to compute
c2(A
′′
1,p).H
′′
2 , c2(A
′′
1,p).D
′′
ℓ0
, c2(A
′′
1,p).F
′′ and c2(A
′′
1,p).G
′′. All other numbers
needed are equal to the numbers given for A˜1,p in table 4. In fact, in [Z,
Hilfssatz 6.4.5] we already computed
c2(A
′′
1,p).D
′′
ℓ0 =
p2 − 1
24
(3p2 − 10p+ 3) + 6
(p2 − 1)(p − 5)
12
.
(i) Let us look at H ′′2 first. This Humbert surface contains precisely
p2−1
2
points on inner rational curves, which are deepest points, but no inner deep-
est points. It is smooth in each of this points but of multiplicity 2 along the
inner rational curve. Hence if F ′′H2 denotes the reduced exceptional divisor
of the blow up in H ′′2 we get F
′′|H ′′2 = 2F
′′
H2
and (F ′′H2)
2 = −1. We have
KH′′
2
= µ∗KH2 + F
′′
H2
and H ′′2 |H
′′
2 = µ
∗H2|H2 − 2F
′′
H2
.
Now we compute
c2(A
′′
1,p).H
′′
2 = c2(H
′′
2 )−KH′′2 .H
′′
2 |H
′′
2
= c2(H2) +
p2−1
2 − (µ
∗KH2 + F
′′
H2
).(µ∗H2|H2 − 2F
′′
H2
)
= c2(H2) +
p2−1
2 −KH2 .H2|H2 + 2(F
′′
H2
)2
= p
2−1
12 (−3p + 33)
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using the fomulas above and the numbers from table 4.
(ii) Next we consider G′′. By construction a component Gc of G′′ is isomor-
phic to P2 blown up in three points. Let Pic(G′′) be generated by the class
of a general line h and the exceptional divisors ε1, ε2 and ε3. We find
KGc = −3h+ ε1 + ε2 + ε3
and
Gc|Gc = KGc −KA′′
1,p
|Gc = −h.
Hence we obtain
c2(A
′′
1,p).G
′′ = (p
2−1)(p−5)
12 (c2(G
c)−KGc .G
c|Gc)
= 3 · (p
2−1)(p−5)
12 .
(iii) Finally we have to deal with F ′′. There are two types of components
F c of F ′′: Those which are top components and those which are not. See
[Z, section 6.4] for details.
The p
2−1
2 top components are isomorphic to P(OP1 ⊕OP1(1)) with
KF c = −2b− 3f
F c|F c = −b− 3f
where b and f are as before. Therefore we get
c2(A
′′
1,p).F
c = c2(F
c)−KF c .F
c|F c = −3.
The remaining p
2−1
2 (
p−3
4 − 1) components F
c are isomorphic to P1×P1 and
we have
KF c = −2b− 2f
F c|F c = −b− 4f.
Here b and f denote the usual generators of Pic(P1×P1). Hence we compute
c2(A
′′
1,p).F
c = −6
22
and taking everything together we obtain for F ′′
c2(A
′′
1,p).F
′′ =
p2 − 1
8
(−6p+ 30).
Now we have computed all of the contributions to c1(A
′′
1,p).c2(A
′′
1,p). Adding
up and using the results from table 4 we finally obtain the formula as
claimed. ✷
Corollary 2.5 The arithmetic genus of the moduli space A˜1,p equals
pa(A˜1,p) = 1−
c1.c2
24
= 1 +
p2 − 1
5760
(p− 13)(p2 − 17p + 90).
Remark 2.6 If p = 5, 7 or 11 then pa(A˜1,p) = 0, because in each of these
cases A˜1,p is unirational, see [MS, GP]. Since we have pa(A˜1,p) 6= 0 for
p ≥ 13 none of these moduli spaces can be unirational, in accordance with
Gritsenko’s result [G].
In retrospect we can now state the correct formula for c2(A˜1,p).Dℓ0 replacing
lemma 6.4.8 of [Z].
Lemma 2.7 The intersection number c2(A˜1,p).Dℓ0 equals
c2(A˜1,p).Dℓ0 =
p2 − 1
24
(3p2 − 10p − 3).
An immediate consequence of our computations using the theorem of
Riemann–Roch is a polynomial dimension formula for cusp forms with re-
spect to Γ1,p. There are several results on dimension formulas which are
more general, but usually not as explicit as ours. See for example [Has],
which also contains further references.
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Theorem 2.8 Let k 6= 0 and k ≡ 0 mod 12. Then the space of cusp forms
of weight k with respect to Γ1,p has dimension
dimSk(Γ1,p) =
p2−1
28335
· [ k3· (2p3 + 2p)
+ k2· (−9p3 + 201p)
+ k1· (13p3 − 120p2 − 997p − 840)
+ k0· (−6)(p − 35)(p + 2)(p + 3) ].
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